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This paper presents an algorithm to identify a state-space model of a linear system using a backward-time
approach. The procedure consists of three basic steps. First, the Markov parameters of a backward-time
observer are computed from experimental input-output data. Second, the backward-time observer Markov
parameters are decomposed to obtain the backward-time system Markov parameters (backward-time pulse
response samples) from which a backward-time state-space model is realized using the eigensystem realization
algorithm. Third, the obtained backward-time state-space model is converted to the usual forward-time repre-
sentation. Stochastic properties of this approach will be discussed. Experimental results are given to illustrate

when and to what extent this concept works.

Introduction

DENTIFICATION is the process of developing or improving a

mathematical model of a physical system using experimental
data to describe the input, output, and noise relationship. A good
number of system identification techniques are available. Tech-
niques to identify a model from input and output data typically con-
tain two steps. First, a family of candidate models is chosen. Then
a particular member in this family is determined that satisfactorily
describes the observed data based on some error criterion such as
minimizing the measurement residuals due to the input and output
noises. One of the most popular models is the ARX model,! where
AR refers to the autoregressive part (related to output data) and X
refers to the exogeneous part (related to input data). In particular,
the forward-time ARX model in the time domain is nothing but a
linear finite difference equation describing that the current output
measurement can be estimated from past output and input data. On
the other hand, the backward-time ARX model means that the cur-
rent output measurement can be estimated by the future output and
input data. The ARX coefficients in the linear finite difference
equation can be easily computed from input and output data.

Insights into physical mechanisms of the system can usually be
incorporated more easily into state-space models than the ARX
models just described. In the state-space form the relationship be-
tween the input, output, and noise data is written as a system of
first-order differential equations using an auxiliary state vector.
Nevertheless, it is difficult to compute directly a state-space model
from input and output data, because the (inverse) mapping be-
tween measured data and the state-space model is nonlinear. On
the other hand, the coefficients of the ARX model can be easily
computed by a least-squares solution from input and output data.
The state-space models can be realized directly from the ARX co-
efficients using standard canonical forms including companions
form, controllable/observable canonical form, Jordan canonical
form, etc. One common problem of the canonical-form realization
is that an estimate of system order is required to be known a priori.
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Because the model order is generally unknown in practice, a trial
and error process is required to find the best model order. In gen-
eral, it results in a considerably overspecified model order, particu-
larly when the data is very noisy. Overspecification of the model
order increases accuracy of the identified model, but discrimina-
tion of the system and computational portions of the models can be
difficult. Recently, novel techniques referred to as backward meth-
ods using the backward-time model have been introduced in Refs.
1-3 to aid in the mode discrimination process. If one reverses time
in the model to be identified, the damped true system modes be-
come unstable, growing as the reversed time increases. On the
other hand, the noise modes in the identification stili maintain the
property that they are stable. This result is intuitively reasonable. If
the data set is sufficiently long, an unstable noise mode would con-
tribute to the pulse response data that grow unbounded as the time
step in the data set increases. This result is inconsistent with the
expected contribution of noise in data. The shift from positive
damping to negative damping of the true system modes allows one
to distinguish these modes from noise modes.

Aside from the problems of model order using standard canoni-
cal forms, numerical sensitivity is known to result from using the
state-space model whose elements are taken directly from the
ARX model coefficients. The interested reader is directed to Refs.
5-7 for discussions of numerical sensitivities of companion forms,
controllable/observable canonical forms, etc. The backward
method introduced in this paper avoids numerically sensitive ca-
nonical forms by constructing a state-space realization from back-
ward-time Markov parameters. This method uses the observer-
based approaches developed in Refs. 811 and referred to as the
Observer/Kalman filter identification (OKID) method. The pri-
mary step is to use an observer to produce the backward-time
Markov parameters (backward-time pulse response samples) from
input and output data. The backward-time Markov parameters are
then used in the eigensystem realization algorithm (ERA)'%! to
construct a backward-time state-space model for its modal param-
eter estimation. As a byproduct, a backward-time observer is ob-
tained to be used for noise characterization. The identified back-
ward-time state-space model can be easily converted to the usual
(forward-time) state-space representation. The identified state-
space model is a representation of the system of interest. It can be
used in various ways such as to compute the modal frequencies or
damping factors or to predict the system response when driven by
a different excitation, etc.

This paper starts by writing the relationship between the input
and output histories in terms of the deterministic backward-time
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ARX model. Formulations are derived to compute the system
backward-time Markov parameters and the backward-time ob-

server gain from the backward-time ARX coefficients. The second

part of this paper is to extend the deterministic case to the stochas-
tic case with process and measurement noises. This extension will
result in a backward-time ARMAX model, where MA refers to the
moving average part related to the residual of the measurement
equation. The ARMAX model describes not only the deterministic
but also the stochastic components of the response. The relation-
ship between the backward-time observer and the Kalman filter is
discussed. Experimental results in comparison with the forward
OKID method®!! are given to illustrate the validity of the back-
ward method presented in this paper. The experimental results are
obtained from a 10-bay truss structure having two accelerometers
and two thrusters.

Deterministic Backward-Time ARX Model
Consider a discrete multivariable linear system described by the
state equation

x(k + 1) = Ax(k) + Bu(k) 0]
and the measurement equation
y(k) = Cx(k) + Du(k) €3

where x(k) € R”, y(k) € R™, u(k) € R’, and k is the time index. Pre-
multiplying Eq. (1) by A™! and solving for x(k) yields

x(k) = A~ \x(k + 1)— A~'Bu(k) 3)

This is a backward-time model in the sense that the current state x(k)
is determined by the future state x(k + 1) and the current input u(k).
It is not a nataral model and cannot be used in real time implemen-
tation. However, it can be very useful for modal parameter identifi-
cation of a system model, which will be shown in the following.
Subtracting and adding the term Gy(k + 1) in Eq. (3) produces

x(k) = A" x(k + D—A"'Bu(k) + Gy(k + 1)—Gy(k + 1)
=AWk + 1)-A"'Bu(k) + GCx(k + 1) + GDu(k + )= Gy(k + 1)

u(k)
wk+1)| @
(k+1)

= A '+ GOxk+ 1) +[-A"1B GD -G

This is a backward-time observer model that observes the current
state x(k) using the future state x(k + 1) and the observer gain G
multiplied by a combination of inputs and outputs. The advantage
of using the observer model instead of the original backward-time
model is that the observer gain can be chosen so that the observer
state matrix (A~! + GC) is as stable as desired. Define

A=A'+GC, B=-A"'B
o u(k)
B=[B GD -Gl, ()= |yk+1) ®
(k+1)

Using that definition, Eq. (4) can be shortened as

x(k)= Ax(k+ 1) + By (k) (6)
Equation (6) looks identical to a typical linear discrete model ex-
cept that it is backward in time. From Eqs. (2) and (6), the mapping
between the input and output data can be established by the fol-

lowing equation:

y(k) = CAPx(k + p) + CAP"LBY (k + p~1)

+ ... + CBY (k) + Du(k) @)

This equation computes an estimate of the current measurement
y(k) using the p-step-future state x(k + p), current and future in-
puts, u(k), ..., u(k + p), and future output measurements, y(k + 1),
y(k+2), ..., y(k+ p). The freedom introduced by the matrix G can
be used to impose the following deadbeat condition:

Al=(A"'+GO) =0 izp ®)

As later shown, one does not design the gain matrix G, but rather it
will be identified from input-output data for a chosen value of p.
Physically, the gain matrix G makes the backward-time observer
state matrix A + GC deadbeat after p steps. The backward-time
approach implies that the current output measurement can be fully
estimated by the future p inputs and outputs [see Eq. (7)] without
any future state involved. The smaller the p is, the shorter the num-
ber of the future inputs and outputs needed to estimate the current
measurement. However, there is a lower limit for the integer p,
which is related to the order of the system and the number of out-
puts. For the single-output observable case, there always exists a
gain G that makes the state matrix A~! + GC deadbeat as long as
the chosen integer p is greater than or equal to the order of the sys-
tem matrix A. For the multiple-output observable case, if p is cho-
sen such that the product of p and the number of outputs is greater
than or equal to the system order, a gain G always exists to make
the observer state matrix A~! + GC deadbeat after p steps. The max-
imum order of the state-space model that can be obtained by the
autoregressive description is p times the number of outputs. The
reader is directed to Ref. 11 for the proof of the previous state-
ments. Therefore, in practice, the system can be identified correctly
as long as p is chosen sufficiently large. However, the identified
state-space model may be too large in size to be used for a large p.
Further order reduction can be carried out either by some model re-
duction techniques or through the use of system Markov parame-
ters. In contrast to the conventional canonical-form realizations,
the proposed approach computes the system Markov parameters
first from the ARX model coefficients. These system Markov pa-
rameters, whose dimensions are order-independent, are then used
to obtain a state-space realization with a proper or desired order.
Substitution of B and v defined in Eq. (5) into Eq. (7) yields

y(k) + CGy(k + 1) + -« + CAP~'Gy(k + p)
= (D + CB)u(k) + (CAB+ CGD)u(k + 1) + ---
" (CAP™'B + CAP~2GD)u(k + p—1)
+ CAP~'GDulk + p) )]
or

)+ oyk+1) + .- + 0y(k + p)

=Bout)+ Butk+1) + ... + B ulk+p) (10)
where
o;=CA"G,  i=1,2,...,p
B,=CA!B+CA"'GD, i=1,2,...,p-1 1mn
Bo=D+CB, PB,=CA’7IGD

Equation (10) is known to be a backward-time ARX model. At this
moment, the relationship between the backward-time state-space
model, Eq. (3), and the backward-time ARX model becomes clear.
Given the system matrices A, B, C, D, and the observer gain matrix
G, the backward-time ARX model, Eq. (10), can be easily derived
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by using Eg. (11). On the other hand, if the coefficients o; and j3;
(i=1,2, ..., p) of the ARX model are directly computed from the
input and output data, are the system matrices A, B, C, D realizable
from these coefficients? This question will be answered in the fol-
lowing.

Let Eq. (10) be rewritten in the following matrix form:

_ o
u(k + p)
y(k+p)

Y& =[Bo By~ Bpoy =0,y - By —aug] [ ¥EFPD | (40

yk+p-1)
u(k;-l)
L y(k+1) |

Now define

y=0) y1) »2) y(¢-p)]
Y=[Bg Bp-0, Boy -0,y - By ~0t)]
w0 ) u(t-p) |
u(p) u(p+1) ... u(t)
yp) y(p+1) ... y(®
V= u(p-1) u(p) u(t—1) (13)
yp-1) y(p) y(e-1)
u(l) u(2) L u(t—p+1)
L (1) y2) ..yt-p+1)

The matrix Y of dimension mX[r +(m + r)p] contains the un-
known ARX coefficients o; and B,(i = 1, 2, ..., p), whereas the
matrices y of dimension m X (¢—p + 1)and V of dimension [r + (m
+ r)p] X (£~p + 1) contain the input and output data. Making use
of Eq. (12) and the definition of Eq. (13) produces

y=Yv (14)
which yields
Y=yv¥ (15)
1:- ~§—THRUSTER
OFF-CENTER

MASS =i

Fig.1 Truss structure test configuration.

Time (sec.)

Fig. 2 Actual vs reconstructed response for the second output (—test,
- - - - reconstruction): Backward-time OKID via an ARX model of
order p = 10 with 2000 data points.

where 1 means the pseudoinverse of V. Equation (15) solves for
the unknown ARX coefficients o; and B, (i = 1,2, ..., p). Having
computed these ARX coefficients, the system matrices A, B, C, D
can be constructed as follows:

Using Eq. (11) yields

-1
D=o, B,
CB = By—D (16)
CA'B = B;— o,D

From Eqgs. (11) and (16), one obtains the following Markov-like
parameter sequences

Y,=[CG CAG CAP-IG) (17)

and

Y,=ID CB CAB CAP-1B] (18)
All system information is embedded in the sequences ¥, and Y,.
The next step is to extract the system Markov parameters from the
two sequences for the identification of the system matrices A, B, C,
D. By simply applying the same approach as in Ref. 11, the se-
quences defined in Eqs. (17) and (18) can be decoupled to produce
the following combined Markov parameters:

Y.=[D CB G CAB &) cA B ] (19)
where k is an arbitrary integer that can be as large as desired. The
sequence Y, is defined as the combined Markov parameters to de-
scribe the input-output map of a backward-time observer model as
defined in Eqgs. (4) in combination with the measurement equation,
Eq. (3). The combined Markov parameter sequence can be used in
conjunction with the ERA algorithm in Ref. 12 or 13 to realize a
set of matrices

[A-'BCD G

Using the relationship B=_A" 1B, the forward-time representation
can be computed

[ABCDG]

with B =—AB. The operator “inverse” A~! shifts all of the eigen-
values of A from inside the unit circle to outside the unit circle. In
other words, the stable system modes will become unstable modes
by the inverse operator.

Stochastic Backward-Time ARMAX Model
Equation (10) is a deterministic backward-time ARX model rep-
resenting the state-space model given in Egs. (1) and (2). In the
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following development, an extension to the case with process and
measurement noises will be made. This extension will result in a
backward-time ARMAX model that describes not only the deter-
ministic but also the stochastic components of the response. The
stochastic analysis is important because it will also reveal the
source of errors in estimating the backward-time ARX coefficients
by the least-squares method of Eq. (15) when process and/or mea-
surements noises are present in the data.
Consider the system with process and measurement noises

x(k + 1) = Ax(k) + Bu(k) + w, (k)
(20)
y(k) = Cx(k) + Du(k) + w,(k)

where x(i) € R", y(i) € R™, and u(i) e R". Ideally, the process noise
wi(k) and measurement noise w,(k) are two uncorrelated zero-
mean stationary white noise processes. From Kalman filter theory,
there exists a Kalman filter gain K such that the system given in
Eq. (20) is equivalent to

Xk + 1) =Ax(k) + Bu(k) + Ke(k)
(21)
y(k) = Cx (k) + Du(k) + e(k)
where €(k) is a residual sequence that is white and uncorrelated
with the measurements and whose Euclidean norm is minimized.
To derive a backward-time model for the previous system, premul-
tiply Eq. (21) by A~ and solve for (k)
i) =A"1%(k + 1)~ A~ 'Bu(k) — A~ Ke(k) (22)
This is a backward-time stochastic state-space model in the sense
that the current state X (k) is described by the future state X(k + 1),
the current input u(k), and the current residual €(k). If the original
system is stable, then the backward-time system will be unstable.
To derive the backward-time ARMAX model, add and subtract the
term Gy(k + 1) in Eq. (22)
Xy =A"13(k+ 1)— A" 'Bu(k) - A 'Ke(k)
+Gy(k+1)-Gy(k+ 1)
=A 13k + D)~ A Bu(k)— A 'Ke(k)
+GCx(k+ 1)+ GDuk+1)
+Gek+ 1)-Gy(k+ 1) 23)

With the definitions as given in Eq. (5), Eq. (23) can be simplified as
%(k)=Ax(k+ 1)+ Buk) + Ke (k) + GDu(k + 1)

+Getk+ D= Gy(k+ 1)

A ) u(k)
=A%+ D+[B GD —Gl |yk+1)
k+1)
+[K G]{ e(k) } (24)
ek+1)

where K =—A~'K. The expression for the output y(k) becomes
y(k) = CA &(k + 1) + (CB + DYu(k)
+ CGDu(k + 1)- CGy(k + 1)

+ (I +CK)eh) + CGek + 1) (25)

60

30

Pred.

No. 2

Time (sec.)

Fig. 3 Actual vs reconstructed response for the second output (—test,
- - - - reconstruction): Forward OKID via an ARX model of order p =
10 with 2000 data points.

The estimated state vector X(k + 1) can be eliminated by succes-
sive substitution of Eq. (24) into Eq. (25). For example,

S(k+1)= A% (k+2)+ Bu(k+ 1) + Ke(k+ 1)
+ GDu(k + 2) + Ge(k + 2)-Gy(k + 2) (26)
Equation (25) then becomes
y(k) = CA2%(k + 2) + (CB + D)u(k)
+(CAB + CGD)u(k + 1) + CAGDu(k +2)
~CGy(k + 1)~ CAGy(k +2) + (I + CK)e(k)
+(CAK + CG)e(k + 1) + CAGe (k +2) @7

Repeating the substitution p—1 times, and making use of the im-
posed deadbeat condition for G, i.e.,

A= A1+ GOY=0, izp (28)

yields the following backward-time description relating the current
and future outputs to current and future inputs and residuals

Yy + CGylk + 1) + CAGY(k +2) + ... + CAP~'Gy(k + p)
= (D + CB)u(k) + (CAB + CGDYu(k + 1) + -
+(CAP~'B + CAP-2GD)u(k + p—1) @)
+ CAP'GDu(k + p) + e(k)

where e(k) is a colored residual that is related to the white residual
of the Kalman filter £(k) by the relation

e(k) =(I + CK)e(k) + (CAK + CG)e(k + 1) +--- (30)
+(CAP~'K + CAP~2G)e(k + p-1) + CAP~'Ge(k + p)

Define ¢;, B; as in Egs. (11)

o;=CAG,  i=1,2,...,p

B,=CA"'B +CA"'GD, i=1,2,...,p-1

€}V
B():D + CB

B,=CAP~'GD

and ; as
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vi=CA'K +CA-'G, i=1,2,..,p—1

Yo=1+CK (32)
Y,=CAP~IG
Equations (29) and (30) become

(&) + apyk+ 1) + - + o y(k + p)
= Bou(k) +Byu(k + 1) + --- + Bu(k + p) + e(k) (33)

and
e(k) = Yoe(k) + yie(k + 1) + -+« + ek + p) 34)

Equation (33) is now referred to as a backward-time ARMAX
model. The coefficients of the backward-time ARMAX model are
expressed in terms of the state-space matrices A, B, C, D, a back-
ward-time observer gain matrix G, and the (forward-time) Kalman
filter gain K. Observe that the deterministic portion of the model
described by the coefficients o, B; is the same as the backward-
time ARX model derived in Eq. (10). When process and/or mea-
surement noises are present, the deterministic backward-time ARX
model does not include the noise dynamics. Therefore, the ordi-
nary least-squares solution of Eq. (15) will produce biased results.
However, the relationship between this colored residual e(k) and
the white residual of the Kalman filter is known and given by Eq.
(34). With this knowledge, one can in fact improve the least-
squares results when the noise dynamics is also considered as part
of the identification procedure. This problem will be addressed in
the next section.

System Identification Using a Backward-Time
ARMAX Model

The problem of system identification using this model structure
consists of three basic steps:

1) Determination of the model coefficients o, ;, and v, from
input and output data.

2) Computation of the appropriate Markov parameters from the
model coefficients o, B;, and ;.

3) Realization of the system state-space model and the corre-
sponding observer gains from the Markov parameters.

Each of the three steps will be described. First, it is convenient
to rewrite Eq. (33) in the following form:

u (k)
u(k+p)
y(k+p)

y(®) =[Bo By —0p Bpoy =0y g - By —01] u(k+p-1)
y(k+p-1)
ulk+1)
L y(k+1) |
e(k+p)
+Yp Yoo -l y(k+:p—1) + Ype(k) (35)
e(k+1)

For a given input-output time history, Eq. (35) can be written as
y=YV+e
e=AW+{ 36)
C="o¢

where y, Y, and V are given in Eq. (13), and ¢, {, €, A, and W are
defined as

e=[e(0) e(l) e2) e(t—p)]
=[O &b L@ (2]
e=[e(0) e(1) &2) £(t—p)]
A= [Yp Yot - Yl]
e(p) e(p+1) ... €(0)
we (-1 &) e(t-1)
8(.1) €e(2) ...e(t-p+1)

At this point, the following observation can be made: The ordinary
least-squares solution, which was derived from a purely determin-
istic consideration as given in Eq. (15), minimizes the norm of the
colored residual e, whereas the true solution minimizes the white
residual €. The least-squares solution, Eq. (15), is the solution of a
linear problem, viz., y = YV. This is in contrast with the parameter
estimation problem considered here, namely

y=YV+AW + v,

where in addition to the parameters in Y, neither A, yy nor the re-
sidual in W are known. This is a nonlinear problem because it in-
volves products of the unknowns in AW and y,e. When no closed-
form solution is available, the typical solution to this type of prob-
lem is iterative in nature. This approach has been considered previ-
ously in the forward-time observer/Kalman filter identification
problem, which produces an improved solution under certain con-
ditions when the ordinary least-squares solution is not optimal.
The readers are referred to Ref. 14 for further details. Examining
the structure of Eq. (36) suggests the following iterating proce-
dure, which starts with the ordinary least-squares solution ¥; ¢ ob-
tained from the backward-time ARX approach.

Step 1. Compute the least-squares solution Y, ¢ and the resultant
least-squares error

Yo =yVI(vVi)!
(37
ers=y-YiV

Step 2: Use the initial least-squares error e, as an initial esti-
mate of the white residual € denoted by £y, L&, let &, = ¢, and
compute an estimate of backward-time ARMAX model coeffi-
cients in ¥ and A, denoted by Y(;),Aq,

Yoy Ayl =Y(1)U(T1) [U(l)U(Tl)]_l (38)
where
Ya=D0) y1) ¥2) ¥e-2p)]
1'%
Way
and
€ (p) e (p+l) . €y (E-p)
W= € ('P—l) 8(1).(17) . 8(1)(@—.}7—1)
e (D) £, ..ey (1=2p+1)
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The resultant least-squares error, denoted by Q(l), is computed from
S ==Y V-AaWa, (39)

Note that the parameters in ¥y, and Ay do not include the first co-
efficient of the MA portion of the model denoted by 7,. This coef-
ficient is estimated in step 3.

Step 3: Compute an estimate of the first coefficient of the MA
portion of the backward-time ARMAX model, denoted by

Yo = Ggy [E@ED, 1™ (40)

At this step, a complete set of the backward-time ARMAX model
coefficient estimates is obtained in Y (1, 1), and Ay,

Step 4: Compute a new estimate of the whitened residual, de-
noted by g, from

€)=Y oip 5 (41)

Step 5: Return to step 2 with the new whitened residual €, ob-
tained in step S to compute new estimates of ¥ and A, denoted by
Y(z), A(2), and then to step 3 and step 4 to compute new estimates of
Yo» denoted by Yo 2y, and a new whitened residual denoted by £,

The previous iterating cycle is repeated and the results exam-
ined after each cycle to determine a reasonable stopping point. Ob-
serve that after each cycle is completed, the data record to be used
in the next cycle is shortened by p points. This shortening is due to
the backward-time nature of the ARMAX model, which requires
knowledge of p future data points to compute the current response.
This result is in contrast with the forward-time model where the
initial condition can be neglected after the transient has decayed.
In the backward-time model, however, one cannot neglect future
data points unless they are known to have decayed to negligible
values. Specifically, given a data record of ¢ points, a backward-
time model of order p can only estimate the first{ — p data points.
Provided the data record to be used in the previous iterating proce-
dure is sufficiently long, the shortening of the data record does not
present a problem.

One can compute the Markov parameter sequences of the back-
ward-time observer and system

Y,=[CG CAG CAP-IG]
(42)
Y,=[D CB CAB CAP-1B]
by Egs. (11) and (16). Furthermore, since
CK =y,-1
(43)
CAK =y—-o;

the following Markov parameter sequence can also be computed:

Y;=[CK CAK CAP-1K] (44)
The backward-time system and observer information is contained
in the sequences Y, and Y, whereas the noise information is con-
tained in the sequence Y. The rest of the identification procedure
parallels the previous development with the exception that the
identified noise model is being carried in the sequence Y;. Using
the sequences defined in Egs. (42) and (44), the following com-
bined Markov parameter sequence can be computed:

Y.=[D C(B G K) CA'B .. CA*B G K)] 45
where £ is an arbitrary integer that can be as large as desired. The

extra Markov parameters are computed by invoking the prescribed
deadbeat condition

%05 1 2 3 3

Time (sec.)

Fig. 4 Actual vs reconstructed response for the second output (—test,
- - - - reconstruction): Backward OKID via an ARX model of order p =
10 with 1000 data points.

80
40
Pred.
Output O F
No. 2
-40
-80
1 2 3 4
Time (sec.)

Fig. 5 Actual vs reconstructed response for the second output (—test,
- - - - reconstruction): Backward OKID via an ARMAX model of order
p =10 with 1000 data points after one cycle of iteration.

Time (sec.)

Fig. 6 Actual vs reconstructed response for the second output (—test,
~ = = = reconstruction): Backward OKID via an ARMAX model of order
p = 10 with 1000 data points after two cycles of iterations.

CAIB G K1=0, i2p (46)

Application of the ERA to the sequence defined in Eq. (45) will
produce a realization of the backward-time state-space model de-
noted by

A1 B ¢ D GK]

Using the relationship B =~A"'B, K=—A"'K, the forward-time
system and observer/Kalman filter model represented by

{ABCDGK]

can be easily computed. Note that G is a backward-time observer
gain for the system matrix inverse A~}, K is the Kalman filter gain,
and the matrices A, B, C, D form the state-space model of the sys-
tem being identified.

Experimental Results
The developed method is applied to data obtained from the truss
structure shown in Fig. 1 at NASA Langley Research Center. The
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Table 1 Identified frequencies and damping values of the truss structure

OKID._ff OKID_b* OKID_b* OKID_b*
ARX ARX ARX ARMAX
N= Mode 2000 pts 2000 pts 1000 pts 1000 pts
Frequency, 1 5.87 5.89 5.92 5.89
Hz 2 7.29 7.30 7.33 7.33
3 19.91 18.82 18.54 15.86
4 46.60 46.64 46.26 46.14
5 48.61 48.57 48.61 48.64
6 64.41 64.54 64.15 60.98
7 73.76 73.76 73.43 74.37
8 105.63 105.51 104.01 99.83
9 110.90 110.97 111.43 113.52
Damping, 1 0.65 0.61 0.64 0.50
% 2 0.47 0.29 ~0.17 0.89
3 61.52 0.91 0.76 21.73
4 2.08 -2.32 -2.93 -0.85
5 1.53 -0.77 -0.95 —0.63
6 9.33 —0.944 -7.80 -0.56
7 0.74 -1.61 -2.19 -0.55
8 10.24 -10.21 -9.29 -11.27
9 5.12 -5.26 -5.40 -2.11
State-space
model order 18 6 4 6
Residual 0.256 0.317 0.673 0.318

$Forward-time OKID. * Backward-time OKID.

L-shaped aluminum truss is oriented such that its long section is in
a vertical direction extending 90 in. The short section, 20 in. long,
is horizontal and is clamped at the free end to a steel rigid plate.
The square cross section is 10 in. by 10 in. Two cold air jet thrust-
ers, located at the beam tip, serve as actuators for excitation and
control. Each thruster has a maximum thrust of 2.2 Ibs. Two servo
accelerometers located at a corner of the square cross section pro-
vide the in-plane tip acceleration measurements. In addition, an
offset weight of 30 lbs is added to enhance the dynamic coupling
between the two principal axes and to Jower the structure funda-
mental frequency. For structural identification, the modes of inter-
est must be adequately excited. Input signals that meet this objec-
tive are considered sufficiently rich. One such signal is a random
excitation, although the proposed method does not require that the
excitation must be random. Here, the truss is excited using zero-
mean random inputs to both thrusters. The acceleration signals are
filtered by a three-pole analog Bessel filter with a break frequency
of 20 Hz. The input-output signals are sampled at 250 Hz and re-
corded for system identification. The following examples illustrate
the application of system identification method developed in this
paper using both backward-time ARX and backward-time
ARMAX model approaches. All results are obtained using the
System/Observer/Controller Identification Tooltbox'3 developed at
NASA Langley Research Center.

Identification Using Backward-Time ARX Model

An input-output data record of 2000 points is used in the com-
putation. In this example, the order of the ARX model is chosen to
be 10, i.e., p = 10. Since the system has two outputs, this choice of
p limits the maximum order of the identified state-space model to
20 (10 times 2). As long as the effective order of the system to be
identified is 20 or less, this choice of p is adequate. If p is too
small, the identified model will not adequately describe the data,
and a larger value of p is needed. Note that it is not necessary to
know the system order exactly but rather an estimate of its upper
bound. A few trials will quickly reveal a proper choice of p. Equa-
tion (15) is used to compute the backward-time observer Markov
parameters from which the Markov parameters of the backward-
time system are computed. Application of ERA produces a back-
ward-time state-space model that is then converted to a forward-
time representation. Recall that in the backward-time model, stable
system modes appear unstable, whereas the noise modes remain
stable. When converted to a forward-time representation, the sys-

tem modes will become stable and the noise modes will become
unstable and can be eliminated. In other words, this process is sim-
ply model reduction by modal truncation where the unstable noise
modes (in the forward-time representation) are discarded. The
final reduced-order model so obtained contains only the stable sys-
tem modes that are identified by the method.

Figure 2 shows the reconstructed response for the second output
using a six-order state-space model obtained by this approach. The
response from the first output (not shown) is similar. In this and
the following figures, the solid curves are the actual responses that
are used in the identification procedure, and the dashed curves rep-
resent the reconstruction. Also, only the second-output response
will be shown, because both first-output and second-output re-
sponses are similar. The quality of the reconstruction shows how
well the identified model represents the actual system in terms of
its ability to reproduce the actual responses when driven by the
same input time histories. For convenience, the backward-time
identification method presented in this paper is referred to as back-
ward-time OKID, whereas the method formulated in Refs. 10 and
11 is referred to as forward-time OKID. When appropriate, the
type of model used (ARX or ARMAX model) is also indicated. As
a baseline comparison, the reconstruction plots using the 18th-
order model obtained by the forward OKID method with the same
set of data are also shown in Fig. 3.

Identification Using Backward-Time ARMAX Model

Recall that the primary purpose of using the ARMAX model
structure is to improve results obtained from the ARX model alone
by modeling the noise dynamics. To show the relative merit of the
iterative procedure using the backward-time ARMAX approach,
the data record that was used to obtain the results presented in
Figs. 2 and 3 is cut short to 1000 points, resulting in a worsened
model obtained by the ARX approach. This result is reflected in its
poor ability to reproduce the data as shown in Fig. 4.

The iterative procedure is then applied to model the noise dy-
namics and correct the original model. Figure 5 shows the recon-
struction plot after one cycle of iteration. The results deteriorate,
but they are explainable because the procedure starts with the as-
sumption that the least-squares residual obtained with the original
ARX solution is the same as the whitened residual of the ARMAX
model. Figure 6 shows the reconstruction plot after two cycles of
iteration. The identification results are clearly improved. Further
improvement can be obtained with additional iterating cycles.
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However, experiences have shown that later cycles produce little
improvement in the results. Variations in the frequencies and
damping estimates do not contribute significantly to the system
resporse.

Comparison with Forward-Time Approach and Discussions

As another comparison of the relative performance between the
different methods, Table 1 shows the identified frequencies and
damping factors for each of the respective cases considered earlier.
In theory, if one uses a backward-time approach, then the unstable
modes in the forward-time representation can be attributed to noise
and eliminated from the final models. Comparison with forward-
time model results, however, suggests that these modes could in
fact be actual modes, but they are not identified by the backward
method due to factors such as slight nonlinearities and nonideal
noise conditions in the test data. Inclusion of these modes in the
model would bring the final state-space model order from 6 to 18,
which is the model used to generate Fig. 2. Table 1 also shows the
orders of the state-space models used to compute the reconstruc-
tion plots shown previously and the norm of the residual using the
identified model for each respective method. On the other hand, a
careful examination of the data shows that there is little improve-
ment in the quality of the reconstruction by increasing the order of
the state-space models from 6 to 18. Taking into account that the
data record is short, this is a case where it is not clear to distingunish
a system mode that is weakly present in the data from a noise
mode. The backward-time approach, however, gives a strong indi-
cation about the true system modes. This fact is evident from the
consistencies in the modes identified from both backward-time
and forward-time approaches.

There is a fundamental difference between the backward-time
and the forward-time approaches that should be emphasized here.
If one uses the backward-time ARX model to perform the identifi-
cation, then the least-squares solution minimizes a colored residual
that is not the optimal Kalman filter residual. The forward-time
ARX solution, however, tends to minimize the Kalman filter resid-
ual when the order of the forward-time ARX model is chosen suf-
ficiently large.'l1 Therefore, it is expected and indeed generally
observed that the backward-time ARX approach does not perform
as well as its forward-time counterpart. By using the backward-
time ARMAX model, one can improve the backward-time ARX
results at the expense of a nonlinear iterative procedure.

Concluding Remarks

A system identification procedure using a backward-time ap-
proach has been formulated. A fundamental contribution of this
paper is the connection of the state-space model to backward-time
finite difference models, which include both a backward-time de-
terministic autoregressive model and a backward-time stochastic
autoregressive moving average model. In the former case, the con-
nection is established in terms of a backward-time observer; in the
latter case, it is established in terms of a backward-time observer
and a Kalman filter. The deterministic formulation is considerably
simpler in that it is a linear parameter estimation problem. The sto-
chastic approach, which requires modeling of the noise dynamics,
can provide improved results over those obtained from the deter-
ministic approach. This improvement is accomplished at the ex-
pense of an iterating solution to a nonlinear parameter estimation

problem. A key feature of the backward-time models is that stable
system modes appear unstable, whereas the noise modes remain
stable. This offers an opportunity to distinguish system modes
from noise modes. Since the final state-space models contain only
the stronger stable modes, the backward method generally yields
models of smaller order when compared with models obtained
from a forward method. It is advantageous to use the backward
method in conjunction with a forward method, so that the effective
modes in the final model can be better evaluated. Since the model
structure of the backward-time model is very different from that of
the forward-time model, examination of the results provided by the
two approaches can produce valuable insights into the system
being identified.
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